Abstract. We consider the normal state of a dense ultracold atomic Fermi gas in the presence of a Feshbach resonance. We study the BCS and the molecular instabilities and their interplay, within the framework of a recent many-body approach. We find surprisingly that, in the temperature domain where the BCS phase is present, there is a non zero lower bound for the binding energy of molecules at rest. This could give an experimental mean to show the existence of the BCS phase without observing it directly. [3][4][5] have been able to vary the interatomic interaction in such a way that the system goes essentially from a weakly attractive atomic Fermi gas to a dilute gas of diatomic molecules. The clear observation of long lived molecules is one of the very positive outcomes of these experiments. More generally these experiments have shown that it is easy to modify the scattering length a, and consequently interactions, by shifting the magnetic field rapidly enough so that the system does not have time at all to adjust to this change. Hence it is experimentally feasible to prepare the gas in an out-of-equilibrium situation, then to study its evolution from a metastable state and in particular the manifestation of various instabilities.
Experimental progress in the study of ultracold Fermi gases has proceeded quite recently at a very fast pace. Working in the vicinity of a Feshbach resonance which allows to cover a very wide range of scattering length by sweeping the magnetic field across the resonance, several groups dealing either with 40 K [1,2] or 6 Li [3] [4] [5] have been able to vary the interatomic interaction in such a way that the system goes essentially from a weakly attractive atomic Fermi gas to a dilute gas of diatomic molecules. The clear observation of long lived molecules is one of the very positive outcomes of these experiments. More generally these experiments have shown that it is easy to modify the scattering length a, and consequently interactions, by shifting the magnetic field rapidly enough so that the system does not have time at all to adjust to this change. Hence it is experimentally feasible to prepare the gas in an out-of-equilibrium situation, then to study its evolution from a metastable state and in particular the manifestation of various instabilities.
In this paper we study, throughout the a − T phase diagram, the two instabilities which arise in a normal Fermi gas due to an attractive interaction, namely the molecular and the BCS instabilities. We find an unexpected interplay between these two instabilities. In particular, at temperatures where the BCS phase is present, there is a nonzero threshold for the binding energy of molecules at rest. In other words it should not be possible to observe a molecule with zero binding energy, in contrast to the standard situation for two atoms in vacuum where this binding energy is zero right at the resonance a −1 = 0. Hence quite a e-mail: combesco@lps.ens.fr b Laboratoire associé au Centre National de la Recherche Scientifique et aux universités unexpectedly this link between BCS and molecular properties would provide a signature of the presence of the BCS phase just by looking at the molecular spectroscopic properties, which could be easier to observe experimentally than the BCS phase itself.
Actually we have quite recently considered the effect of the Fermi sea on the molecular bound state associated with a Feshbach resonance, when this is the only instability. We note that, since the Fermi sea is responsible for the formation of Cooper pairs, which are some kind of molecules, it is somewhat natural that it does also affect the molecular properties. We have shown that the presence of the Fermi sea shifts the location of the appearance of the molecular state toward positive values for the scattering length [6] . Instead of appearing right at the Feshbach resonance as in vacuum, the molecule appears for an inverse scattering length a −1 larger than a positive threshold. Physically this happens because, due to the Fermi sea and Pauli exclusion, the occupation of a number of plane wave states making up the wavefunction of the (large) molecule is prohibited. So building the molecular state is more difficult than in vacuum. Naturally this exclusion effect decreases as T increases since the statistical occupation of states gets lower. The above picture is for molecules with zero momentum for the center of mass. When the molecule has a nonzero total momentum, the adverse effect of the Fermi sea is smaller and for fast molecules there is essentially no effect of the Fermi sea on the molecular bound state formation. This shift of the threshold for appearance of the molecular states is in qualitative agreement with experimental observations of strong losses in 6 Li appearing much below the location of the Feshbach resonance [7] [8] [9] . However the interpretation of these experiments is obviously complex, with in 70 The European Physical Journal D particular dynamical effects, and it remains to be seen how strong is experimentally the role of the effect that we have just described.
Here we will use, as in the above study, the result obtained recently [10] for the scattering amplitude due to a Feshbach resonance, modified by the presence of the dense Fermi gas. Although obtained within a quite general formalism, this result makes use of strong simplifications. Nevertheless it is clearly worth exploring simple physical approximations before going to more elaborate schemes. First the irreducible vertex is taken merely as the simple scattering amplitude of two isolated atoms. Second only Pauli exclusion is taken into account for the effect of the Fermi gas. Nevertheless the resulting scattering amplitude is quite non trivial. In particular, in contrast with the vacuum case, it depends on the total momentum of the scattering atoms because of Pauli exclusion. Here we will concentrate on the case where the total momentum is zero since it displays the strongest manifestation of Pauli exclusion. Also any background scattering is omitted for simplicity.
The expression [10] for the full vertex Γ (ω) in the particle-particle channel, which, except for a factor π/2k 0 , is just the inverse f −1 of the effective scattering amplitude, is given by (we take = 1):
The (positive) chemical potential µ ≡ k 2 0 /2m is our energy scale and k 0 our wavevector scale. We have introduced the reduced wavevector x = k/k 0 , reduced energȳ ω = ω/µ and reduced temperaturet = T /µ. In contrast with reference [10], the origin for the energy ω of the two atoms is taken as usual at the bottom of the continuous energy spectrum for free particles. The coupling constant λ is related to a by λ = −2k 0 a/π. The reduced width of the Feshbach resonanceW = m 2 |w| 2 /π 2 k 0 is related [10] to the matrix element w corresponding to the Feshbach coupling between the open and the closed channel. In the strongly explored case of 6 Li,W is quite large and in equation (1) we will neglectω/W in the following.
As it is well-known the appearance of the molecular bound state will show up as a pole in the vertex, and therefore it will be found by writing that the r.h.s. of equation (1) is zero. We note that the BCS instability itself appears also as such a pole. The imaginary part of equation (1) is zero at the chemical potential ω = 2µ and writing that the real part is zero leads to:
which is just the standard BCS equation with our notations (notice that −1/λ is changed into −1/λ + 2/W if we take theW term into account). It is easily seen from equation (2) that the BCS transition is also found in the region a > 0, that is beyond the location of the Feshbach resonance in vacuum. This situation has already been considered by Milstein et al. [11] and by Ohashi and Griffin [12] within a phenomenological fermion-boson model, and it is actually a clear ingredient of the BCS-BEC crossover. It seems at first surprising to see BCS pairing for a > 0 since in this case one has an effective repulsion between atoms. But one has rather to consider that the tendency to form a bound state is an increasing function of a −1 (taken algebraically), so that going to a > 0 makes it even easier to form BCS pairs. On the other hand BCS pairing occurs in the Fermi sea: the BCS pole appears for a positive energy ω = 2µ > 0. Hence the BCS transition stops when µ = 0. Leggett [13] has already pointed out that, for the excitation spectrum at T = 0, there is a qualitative change when one crosses µ = 0. In our approximation, the chemical potential is merely related to the one-species atom number n by the free par-
2 and E F = k 2 F /2m. From equation (2) we find the critical temperature T c as a function of the scattering length a. In Figure 1 we plot T c /E F as a function of 1/k F a. The end point (T 0 , a 0 ) is found at T 0 /E F 0.99 and 1/k F a 0 0.68.
When a −1 is increased beyond this point we expect to find a molecular instability. Naturally this is what happens but there is a qualitative change. Indeed molecular states correspond to negative values of the energy ω, for which the r.h.s. of equation (1) is always real so we are no longer forced to require that its imaginary part is zero. Hence we do not need to take a specific energy, and for a fixed temperature T , we expect to find the binding energy |ω| increasing with a −1 , just as in the absence of the
